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Abstract. We propose that humans may not meaningfully retain high-variance environmental 

feedback, a behavior that likely evolved in a past environment with unfavorable fitness tradeoffs 

from overcommitting attention. We argue that in such settings, humans instead rely on an innate 

estimate of future payoffs optimized for their evolutionary past of cultural learning: learning 

from knowledge taught by fellow group members, rather than from the environmental feedback 

itself. A veridical decision-theoretic model of this evolutionary past can help explain several 

puzzles of human behavior: (a) the hard-easy effect, the overconfidence (respectively, 

underconfidence) of one’s estimate of her ability in a difficult task (respectively, easy task); (b) 

underinference, the persistence of the aforementioned flawed belief in the face of evidence to the 

contrary; (c) the non-monotonicity of confidence with respect to the level of experience; (d) 

persistent vulnerability to charlatans; and (e) the situational effectiveness of marginal educational 

interventions. This finding corroborates the thesis1,2 that dual inheritance theory is an ideal 

candidate to be a cumulative theoretical framework for the psychological sciences. Our 

evolutionary theory and its predictions also have foundational policy implications, particularly 

for education.  

 

1. Introduction 

We humans often hold on to biased views of the world. Moreover, our updating of these 

views in the face of contradicting environmental feedback is generally too small to be unbiased3. 

This is evolutionarily puzzling, given that both research and human intuition consistently 

indicate that environmental feedback is a foundational source of data for human learning. For 

example, people often learn to pay credit card bills4 and return rented videos5 on time after first 

paying late fees.  
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There is a compelling case for considering Bayesian inference—the algorithm that 

incorporates environmental feedback into one’s previously held belief in an unbiased manner—

as the normatively rational way to learn from environmental feedback6. However, human 

cognition deviates from Bayesian rationality in numerous ways. Such deviations are called 

cognitive biases. Their study began half a century ago with the seminal work of Kahneman, 

Tversky, and their collaborators, who designed replicable experiments that yielded variegated 

falsifications of the then-largely-unchallenged (and still-widely-used) assumption that human 

decision-making is rational7–9.  

Since then, cognitive biases have been the subject of an interdisciplinary body of research 

spanning the cognitive sciences, psychology, and behavioral economics that has helped resolve 

many long-standing puzzles of human behavior. Why do supposedly rational humans continue to 

wage unwinnable wars, fuel dangerously inflated financial bubbles, and underprepare in their 

fight against imminent pandemics?  

The answer: humans are not rational. Leaders of countries regularly go to war under the 

overconfident impression that victory is possible or even assured, notwithstanding the available 

evidence to the contrary10,11. Traders regularly become overconfident in their high valuations of 

their assets—even in the face of contradicting evidence—resulting in speculative bubbles that 

eventually crash12,13. Emerging pathogens like SARS-CoV-2 regularly spread to become 

epidemics, due to overconfident politicians and government officials’ failure to learn—despite 

repeated lessons from past experience14—how to prevent, detect, contain, and mitigate infectious 

disease outbreaks15. The hubristic combination of two cognitive biases—overconfidence, the 

belief that one’s ability is better than it actually is; and underinference, the tendency to 

systematically ignore evidence that contradicts this belief—continues to cause severe, long-

lasting, and largely avoidable harm to numerous people. 

How did our evolutionary past select for cognitive biases, traits that systematically cause 

errors in judgement? At first glance, learning from environmental feedback in a biased manner 

seems to be evolutionarily deleterious, since an accurate understanding of one’s current 

environment would facilitate her adaptation to it and thereby bolster her evolutionary fitness. It 

stands to reason that if ancestral humans learned primarily from environmental feedback, then 

natural selection would favor those who did so objectively—via Bayesian inference—rather than 

irrationally.  
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However, an extensive, multidisciplinary body of evidence suggests that humans 

primarily rely on learning from their fellow group members, rather than from the environmental 

feedback itself16–18. This is why homo sapiens has been so adept at thriving in diverse 

environments throughout the world. The key to humans’ evolutionary success was not their 

capacity to individually learn about their environment, which is nowhere near game-changing; 

but their unique capacity—enabled by language and other modes of cultural learning—to draw 

on the collective reservoir of knowledge on it, compiled by their predecessors and peers19–21.  

Given the secondary role that environmental feedback played in the learning process of 

our ancestors, cognitive biases did not constitute a death sentence in the eyes of natural selection, 

as one might originally assume. In fact, we will demonstrate that the optimal way to learn from 

fellow group members can appear cognitively biased to those under the mistaken assumption that 

the learning is being driven by environmental feedback. Specifically, we construct a veridical 

evolutionary model of human learning: one based primarily on learning from group members 

rather than from environmental feedback. The model is decision-theoretic, in that it parametrizes 

ancestral humans’ environment of cultural learning and investigates the decision-making strategy 

that maximizes payoff acquisition from this environment (fitness) among the space of feasible 

strategies (fitness landscape). We proceed to demonstrate that the fitness-maximizing strategy is 

characterized by various cognitive biases like overconfidence and underinference. 

We thus find that multiple classes of cognitive biases that are traditionally thought of as 

structural flaws in humans’ individual learning may instead be simultaneously rooted in the 

primarily social nature of human learning in natural settings. This finding corroborates the 

thesis1,2 that dual inheritance theory is an ideal candidate to be a cumulative theoretical 

framework for the psychological sciences: one that can help resolve the field’s replication crisis 

by generating meaningful hypotheses not based on personal or folk intuitions. 

 

2. Empirical background 

A myriad of cognitive biases, including overconfidence and underinference, are apparent 

from the insightful experiments of Sanchez and Dunning22,23 on human learning. In each of their 

experiments, subjects learned a new task possessing a payoff structure with fixed uncertainty: 

classifying profiles with lists of properties (for example, symptoms) into categories (for example, 

made-up diseases). The subjects attempted this task 60 times while simultaneously reporting 
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their confidence: their self-estimate of the probability that their answer is correct. After each of 

their 60 answers, they received immediate feedback. 

Four variants of this experiment were carried out originally22, and two of these four 

variants were replicated while also recording time measurements23. The subjects’ confidence 

graph—that of their average self-estimate as a function of trial number—behaved similarly 

across all six experimental variants (see Fig. 1 for a qualitative illustration). Most notably, this 

shared behavior was non-monotonic, in that it was comprised of three phases: a beginning phase 

of increase, an intermediate phase of decrease, and a final phase that returned to increase. 

Meanwhile, the proportion of subjects that actually answered correctly grew monotonically, as 

expected. Confidence was on average non-monotonic, not only as a function of the subjects’ 

level of experience, but also as a function of the true value: the true probability of giving the 

correct answer. 

The non-monotonicity of confidence is not surprising, given that it has been documented 

in previous studies. The experiments of Dunning and Kruger24 on confidence as a function of 

true ability—as well as replications25,26—have often yielded a non-monotonic relationship 

between the two measured variables. This literature has injected into the public consciousness a 

famous non-monotonic graph (Fig. 2) attributed to the namesake Dunning–Kruger effect: the 

cognitive bias in which incompetent people are unable to recognize their incompetence.  

Also, the work of Hoffman and Burks27 investigating truckers’ self-estimates of the 

number of miles driven each week (Fig. 3) has found their average to be non-monotonic with 

respect to the level of experience, with an initial phase of increase followed by a phase of 

decrease. Note that the experience level at which the final phase reverting to increase could occur 

is not included in the empirical data, so this final phase is neither confirmed nor contradicted. 

Meanwhile, the average of the true value is monotonically increasing in the level of experience: 

consistent with the findings of Sanchez and Dunning. 

There are other puzzling patterns in the Sanchez–Dunning experimental data. For one 

thing, the average difference between confidence and the environmental feedback—a value that 

quantifies overconfidence—eventually became positive, and proceeded to increase instead of 

decaying to zero. Consistently becoming overconfident compared to the environmental feedback, 

by itself, constitutes an immediate contradiction of Bayesian rationality28. For another, the 

confidence graphs from all six variants of the experiment were essentially indistinguishable from 
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each other, even though the subjects of each experimental variant on average performed 

differently and thus received different environmental feedback. The confidence graph in essence 

only depended on the number of past observations, the level of experience. 

Overall, the subjects of the Sanchez–Dunning experiments did not learn from their 

environmental feedback in a Bayesian-rational manner. First, they consistently developed 

overconfident beliefs that persisted, even in the face of contradicting environmental feedback. 

Second, confidence somehow always behaved in the same qualitative way regardless of 

differences in the environmental feedback. Finally, confidence was non-monotonic with respect 

to the level of experience, even when the true value was monotonic. These three patterns 

robustly replicated in all six variants of the experiment, including the variant that used the 

incentive-compatible Becker–DeGroot–Marschak method29 to monetarily incentivize accurate 

answers. The non-Bayesian inaccuracy of subjects’ learning and the persistence of this 

inaccuracy in the face of monetary incentivization have also been documented in replications of 

the Dunning–Kruger experiment30,31, as well as in the aforementioned work of Hoffman and 

Burks27 on truckers’ self-estimates of productivity.  

Note that the Dunning–Kruger experiment is similar in objective and design to the 

Sanchez–Dunning experiment. A crucial difference, however, is that accurate environmental 

feedback is immediately provided by the experimenter in the latter, but not in the former. The 

Sanchez–Dunning experiment thus compellingly raises the question of why humans have 

evolved to underinfer from freely available environmental feedback, even when meaningfully 

learning from it is made easy and monetarily advantageous. 

 

3. Theory 

 

3.1.  Learning environment of ancestral humans 

Given their role in various and potentially catastrophic errors in human judgement, the 

three non-Bayesian patterns in the Sanchez–Dunning experimental data are generally considered 

suboptimal cognitive biases today. However, we propose that they may be products of a payoff-

estimation strategy optimized for a past environment. In it, ancestral humans faced unfavorable 

fitness tradeoffs from overcommitting attention to retain observations of high-variance payoffs, 

and consequently evolved to neglect them in favor of knowledge learned from their fellow group 
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members. Indeed, the expected benefit of retaining environmental feedback would have been 

negligible if it came with high statistical noise. The expected cost due to external risks from 

overcommitting attention—such as increased vulnerability to ambushes by other humans, 

predation, and accidental injury—would then have been large in comparison. After all, ancestral 

humans are estimated to have experienced a 14% rate of mortality due to inter-group conflict32. 

This can help explain why a person’s estimate of future payoffs may not meaningfully update 

with high-variance observations of previous payoffs. 

This phenomenon is particularly apparent in gamblers. If a gambler who repeatedly tries 

her luck at a lottery meaningfully retained her environmental feedback, then she would 

eventually be able to conclude—from the negative mean of her payoffs—that the lottery is most 

likely rigged against her. In reality, however, human judgement is often clouded by the high 

variance in the outcome of such lotteries. As a result, many gamblers continue betting their 

money on the same rigged lotteries they have played numerous times in the past. 

When environmental feedback occurs with high variance, the updating process of a 

human learner’s belief may not be due to a meaningful incorporation of her environmental 

feedback; it may instead be due to a different payoff structure from the evolutionary past. This 

can help explain why subjects of the Sanchez–Dunning experiments who were monetarily 

incentivized (by the Becker–DeGroot–Marschak method) to accurately estimate their future 

payoff—an expected value between a correct answer’s full payoff and an incorrect answer’s zero 

payoff—systematically underinferred from their previous environmental feedback. Indeed, not 

having meaningfully retained it, the subjects instead defaulted to using an innate estimate of the 

expected payoff optimized for their evolutionary past. This innate estimate can be greater than 

the estimate based on the environmental feedback, if the underlying task is difficult; or less than 

it, if the task is easy. 

The existence of this hard-easy effect—overconfidence on difficult tasks and 

underconfidence on easy tasks—is well-established in the empirical literature33,34. It is not 

surprising that if a human learner’s process of updating her belief does not meaningfully 

incorporate environmental feedback, then her belief would diverge from the environmental 

feedback, and the difference between the two would persist rather than decay to zero. 

Our hypothesis—that ancestral humans faced evolutionary pressures to rely on 

knowledge shared by group members, rather than on high-variance environmental feedback—

Electronic copy available at: https://ssrn.com/abstract=3754499



7 
 

can also help explain why humans have evolved to estimate their future payoff as a non-

monotonic function of their level of experience. Specifically, this non-monotonicity can be 

explained by the uncertainty ancestral humans faced regarding whether a given task was 

learnable. Constructing an evolutionary model of human learning that faithfully represents its 

collaborative nature—learning not only by innovation, but also by imitation—makes this 

uncertainty apparent. 

 

3.2. The model 

In our evolutionary model (detailed in the Supplementary Information), a student learns 

how to perform a given task from a fellow group member who claims to be an expert on it. We 

broadly label such group members “teachers.” For the sake of tractability, our model does not 

distinguish between learning from observing others and learning from direct teaching, unlike 

past ethnographic studies on hunter-gatherer learning18,35,36.  

As the student in our evolutionary model spends time learning the task from her teacher, 

she gains more and more knowledge on it. However, it is unclear whether the knowledge is truly 

coming from imitating her teacher’s guidance, as would be the case if the teacher is an actual 

expert. There is also the possibility that the teacher is a charlatan whose advice does not 

meaningfully help. In that case, the student learns from epiphanies obtained through the slow 

process of innovation, even though she unknowingly credits them to the teacher’s guidance.  

The student hopes to eventually master the task. However, depending on whether her 

teacher is an actual expert or a charlatan, she may not be able to do so. Learning through 

innovation under the wings of a charlatanical teacher is not guaranteed to complete in finite time, 

because—contrary to the charlatan’s promises—the task may be impossible. On the other hand, 

this risk does not exist when the student learns from imitating an actual expert who has already 

mastered the task. This is analogous to the comparison between solving an exam problem and 

solving a research problem. The former—imitation learning—is guaranteed to complete in finite 

time, because the teacher has solved the problem herself before assigning it as an exam question. 

However, the latter—innovation learning—is not guaranteed to complete in finite time. Indeed, a 

research problem, by definition, is one that has not yet been solved by anyone, so it may a priori 

be impossible to solve. 
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The student’s expected marginal payoff is a function of her level of experience. This 

function is monotonically increasing when the current task is guaranteed to be learnable in finite 

time, but eventually decays to zero when the task may instead be impossibly difficult. We 

hypothesize that the fitness advantage conferred by accurately measuring future payoffs selected 

for ancestral humans whose confidence best tracked the evolutionary past’s non-monotonic 

expected payoff function. Its non-monotonicity is due to its piecewise definition (Fig. 4). The 

increasing, then decreasing portion of the expected payoff function is conditional on the fact that 

the current task’s teacher is either an actual expert or a charlatan. The final increasing portion is 

conditional on having ruled out the latter possibility, because these tasks should optimally be quit 

at an intermediate level of experience. 

It would be better, if possible, to quit these tasks soon after the student starts to learn 

them, but she cannot initially differentiate between innovation and imitation learning, because 

their speeds are too similar. Fortunately, the speed of learning increases over time23. We 

hypothesize that it increases faster for imitation learning than it does for innovation learning, 

which enables the learner to eventually differentiate between the two types of tasks by a time-

measurement experiment. Thus, the student performs a time-measurement experiment at the 

aforementioned intermediate level of experience, quitting if the speed of her learning is slow—

innovation—and not doing so if it is fast—imitation. 

It is likely that our hunter-gatherer ancestors relied primarily on learning cooperatively 

from fellow group members, rather than on learning individually from environmental feedback16–

21,37. This was especially true when the environmental feedback occurred with high variance, 

which made it difficult to retain without experiencing unfavorable evolutionary tradeoffs. As a 

result, the ancestral humans who best survived were not those who learned the most objectively 

from their environmental feedback; they were those who learned the most effectively from their 

group members. The optimal strategy for this purpose is a speculative one that cannot initially 

distinguish between expert and charlatanical teachers, but hopes to learn from the former while 

mitigating the risk of the latter by quitting at an intermediate level of experience. This strategy 

appears to suffer from various cognitive biases when one assumes, as in the premise of the 

Sanchez–Dunning experiments, that it should have been optimized for the purpose of learning 

from environmental feedback. 
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4. Predictions 

 Our evolutionary theory makes several predictions on how humans learn in settings of 

high-variance environmental feedback. Note that these predictions do not apply to humans’ 

excellent learning in settings of low-variance environmental feedback, enabled by their capacity 

for causal reasoning38. Nor do they apply to humans who have the training and the will to learn 

from high-variance environmental feedback in a statistically unbiased manner, rather than via 

their default intuition.  

Empirical studies of hunter-gatherer learning18,35,36,39–42 have yielded valuable insights on 

the mechanics and evolution of human learning. We hypothesize that when analogous empirical 

studies investigate the variables relevant to our evolutionary theory—subjects’ confidence 

estimates, teacher selection, and quitting behavior over the course of learning a given task—their 

findings will corroborate its divergent sets of predictions, depending on the variance of the 

environmental feedback and the subjects’ level of statistical sophistication. Human learning will 

approximate Bayesian rationality in the absence of causal opacity: when either the given task’s 

environmental feedback (e.g., foraging yield per unit of time) or the environmental feedback 

regarding evidently important mechanisms of the task (e.g., hunters’ accuracy and pull strength 

with the bow and arrow, or honey-gatherers’ tree-climbing ability) has low variance. However, 

human learning will systematically and persistently deviate from Bayesian rationality when the 

observed data relevant to the task are generally characterized by high variance (e.g., shamanistic 

predictions of complex phenomena) and the learner lacks either the training or the will to 

aggregate this data in a statistically unbiased way. 

 Quantitative predictions on the causal interactions and statistical relationships between 

the parameters of our evolutionary model—including the student’s level of experience (denoted 

in the Supplementary Information by the level of knowledge 𝑏𝑏), teacher/task turnover (denoted 

by the quitting strategy 𝑏𝑏𝑛𝑛,𝑖𝑖
∗ ), confidence (denoted by 𝑔𝑔𝑏𝑏𝑛𝑛,𝑖𝑖

∗ (𝑏𝑏)), task learning as a function of 

time (denoted by 𝐿𝐿1(𝑡𝑡) and 𝐿𝐿2(𝑡𝑡)), the ancestral environment’s distribution of task difficulties 

(denoted by 𝜇𝜇), this environment’s expected marginal payoff conditional on the task’s difficulty 

(denoted by 𝑓𝑓𝑎𝑎(𝑏𝑏)), the proportion in this environment of tasks that are impossible to 

meaningfully learn (denoted by 𝑝𝑝), and the proportion in this environment of learning from 

imitating an actual expert (denoted by 𝑞𝑞) —can be found in the Supplementary Information. 
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Below, we discuss several of the most counterintuitive predictions, which enjoy various degrees 

of empirical corroboration. 

 

4.1. Underinference from high-variance environmental feedback 

We propose that when ancestral humans learned in settings of high-variance 

environmental feedback, unfavorable evolutionary tradeoffs from overcommitting attention 

forbade them from meaningfully retaining it. We thus argue that humans have evolved to largely 

disregard the statistical information contained in sequences of high-variance environmental 

feedback observed over time. While humans can incorporate into their beliefs easy-to-remember 

descriptors of these sequences—such as the maximum value, the minimum value, and the 

number of observations—they may not by default be able to incorporate the statistical 

information needed to approximate a Bayesian aggregate of this data: most notably, the mean.  

Consequently, we hypothesize that human confidence—and revealed preference in 

general—is best modelled not as a Bayesian estimate, but as a function of the subset of 

information available to humans’ cognitively constrained decision-making. This subset includes 

low-variance observations, easily retained descriptors of high-variance observations, and even 

information in the complement of environmental observations: for example, theoretical 

knowledge and social cues.  

The latter dependence should cause the innate confidence function—like other 

components of human cognition and behavior43—to vary cross-culturally. Persistent non-

Bayesianness22,23,27,28,30 and the hard-easy effect33,34 have been robustly documented in Western, 

Educated, Industrialized, Rich, and Democratic (WEIRD) societies. However, WEIRD 

individuals in many ways constitute outliers on the spectrum of human psychology43. It is thus 

not a priori clear whether a psychological pattern observed in WEIRD individuals will 

generalize43,44.  

We nonetheless hypothesize that the broad patterns predicted by our evolutionary theory 

will generalize to all statistically unsophisticated humans, including those of various hunter-

gatherer societies. A human learner’s aggregate of the information cognitively available to her—

for example, her innate confidence function—will generically differ from the Bayesian aggregate 

of all observed information when it has high variance. The difference between the two will 

generically persist, and moreover, will follow the pattern prescribed by the hard-easy effect. 
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Despite these predicted universalities, we stress that they are nevertheless best studied in 

a contextual manner rather than a monolithic one. This necessitates investigating the dependence 

of such psychological aspects on not just subjects’ environmental observations, but on a much 

larger class of treatment effects that exhibit significant cross-contextual variation44. We thus 

propose replicating the Sanchez–Dunning experiment in a wide variety of contexts, such as with 

subjects from contemporary hunter-gatherer groups and other non-WEIRD societies. Doing so 

would yield valuable insights on both the universalities and idiosyncrasies in human learning. 

 

4.2. Non-monotonicity of confidence with respect to the level of experience 

Our evolutionary theory proposes that the empirically observed non-monotonicity of 

human confidence with respect to experience22,23,27 evolved to track a piecewise-defined payoff 

structure from our evolutionary past of cooperative learning. Specifically, this piecewise 

definition ultimately arose from the risk of wasting time learning from a charlatanical teacher.  

A deleterious consequence of this non-monotonicity is that inexperienced teachers, 

leaders, and pundits may express more confidence in their explanatory frameworks and 

predictions than their more experienced counterparts, thereby worsening their followers’ 

decision-making. 

 

4.3. Persistent vulnerability to charlatans and maladaptive social norms 

A temporary vulnerability to charlatanical teachers, leaders, and pundits may be 

unavoidable and understandable, as illustrated by the proverb “Fool me once, shame on you; fool 

me twice, shame on me.” However, humans’ vulnerability to charlatans is often surprisingly 

persistent45–47. One example of this phenomenon is the unfortunate credence that many people 

have given to pseudoscientific treatments, tests, and vaccines, even with their lives at stake48. 

Another is humans’ widespread and persistent vulnerability to cults, even those engaged in 

coercive or maladaptive practices49. 

Many instances of charlatanical teaching occur due to social norms. Their persistence is 

due to the fact that social mechanisms such as punishment and status can entrench a wide variety 

of social norms, even unproductive or maladaptive ones50,51. Examples of the latter include 

shamanism, which consistently develops in hunter-gatherer societies despite the general 

invalidity of its predictions52; funerary cannibalism, which causes prion disease53; and female 
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genital cutting, which increases the rates of birthing complications54 and of contracting sexually 

transmitted illnesses55. 

Dual inheritance theory proposes that maladaptive social norms can survive group-

selection pressures for extended periods of time if they are part of the same cultural package as 

adaptive social norms, such that the group cannot separate the former from the latter without 

sacrificing its overall capacity for coordination56–58. However, this leaves the question of why 

humans, for all their abilities in social reasoning and cooperation59,60, often cannot surgically 

coordinate away from maladaptive parts of their cultural package during equilibrium selection.  

Why do people not abandon the guidance of an overconfident, exploitative, or conformist 

charlatan when it continues to yield unfavorable results? A possible explanation is provided by 

one of our learning theory’s implications: that quitting due to a lack of meaningful teaching may 

be triggered not by inauspicious environmental feedback, but by reaching a specific level of 

experience without having completed learning the given task. In the former case, a charlatan 

whose advice yields unfavorable results is vulnerable to coordinated discrediting from the 

students who observe them and thereby decide to quit. This occurs when the outcome is always 

unfavorable; humans are good at incorporating consistent environmental feedback into their 

beliefs. In the latter case—which occurs when the outcome is uncertain, in that it can be 

favorable or unfavorable—the points of time at which her students quit may differ, since they 

have different levels of experience in general. Consequently, charlatans may be much less 

vulnerable to coordinated discrediting from their students when environmental feedback occurs 

with high variance. 

Our theory of learning may thus help explain charlatans’ influence on human society that 

has continued long after its adoption of the scientific method: the realization that collecting 

environmental data should not rely on human cognition’s biased process of aggregation. What 

results from humans’ continued vulnerability to charlatans is the lasting evolutionary pressure 

posed by the risk of being forever led astray by their unhelpful advice. This evolutionary 

pressure creates a positive feedback loop that both shapes and is shaped by humans’ speculative 

evolutionary strategy: that of learning from teachers without verifying from the get-go whether 

they are true experts or charlatans.  
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4.4. Situational effectiveness of marginal educational interventions 

When a student learns from a teacher, but does not retain the resulting environmental 

feedback, our theory predicts the point in time at which she will quit due to a lack of meaningful 

teaching. Specifically, it predicts that this quitting is triggered when the student reaches a certain 

level of experience without having completed learning the given task. 

  We have previously shown that this implication can help explain humans’ persistent 

vulnerability to charlatans in settings of high-variance environmental feedback. It can also help 

explain researchers’ disagreement on the efficacy of educational interventions, such as additional 

schooling or decreased class size. Such educational interventions marginally lengthen the time 

students spend meaningfully learning from a teacher. There is a large body of empirical evidence 

suggesting that compared to their marginal nature, these educational interventions are unusually 

effective61–69. However, there is also a large body of evidence suggesting the opposite: that 

marginal educational interventions are essentially ineffective70–74. 

The puzzling bimodality of these findings can be resolved by our theory’s prediction that 

quitting due to a lack of meaningful teaching occurs at a singular level of experience. Indeed, this 

implies that the efficacy of marginal educational interventions is situational: it can either be 

similarly marginal or unusually high. The outcome depends on whether the students’ level of 

experience is located just below the distinguished quitting point, since passing it while learning 

from a teacher ensures that they will not give up in the future. 

 

5. Discussion  

Many institutions of modern society—such as markets, federalist political systems, and 

the Internet—predominantly rely on decentralized decision-making. This is justified by the 

influential argument that decentralized decisions benefit from locally made, locally relevant 

observations that are generally inaccessible to a centralized decision-maker75. However, our 

theory proposes that humans may not meaningfully retain high-variance environmental 

observations, a consequence of which is that these observations are then inaccessible not only to 

the centralized decision-maker, but also—for all intents and purposes—to the local observer 

herself. This is illustrated by many people’s persistent skepticism and denial of climate change, 

an unrelenting barrier to the implementation of urgently needed climate policies76. In contrast, a 
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Bayesian learner would have eventually deduced from her temperature observations—despite 

their high variance—that the climate is warming, at least in her local area.  

Overall, there is no guarantee that a person’s private information, even when truthfully 

revealed by an incentive-compatible mechanism, constitutes a Bayesian aggregate of her local 

observations. Policymakers and researchers may hope to at least infer the latter from the former: 

the sufficient statistic approach. But there is no guarantee that this is possible, either. To 

illustrate, suppose that we are tasked with predicting a person’s ability in a given task from her 

own estimate of this ability—her confidence—in a setting of high-variance environmental 

feedback. Unfortunately, we cannot achieve this in general because the statistic is not sufficient. 

Due to the non-monotonicity of human confidence, an inexperienced person’s confidence may 

be at the same level as that of an expert; consequently, we would not be able to distinguish 

between the two just from observing their confidence estimates.  

Given this statistical insufficiency, tapping into the informational benefit provided by all 

local observations—rather than just the low-variance ones—would in general require a structural 

improvement in people’s ability to meaningfully learn from these observations. Such a structural 

improvement can be achieved by education. Students should be taught to avoid placing 

unconditional reliance on their intuition: their brains’ default process of aggregating their 

observations. Instead, we should take advantage of the various economical ways to objectively 

record them: technologies—such as writing—that did not exist in our hunter-gatherer past but 

are widely available today. Even without immediate access to writing, however, we can still rely 

solely on our cognition, provided that it has learned how to objectively aggregate high-variance 

observations. Improvements in society’s mathematical knowledge have equipped us with a 

simple and effective way of doing so: keeping track of the mean of the observations, a skill that 

should be overtly taught in schools rather than taken for granted.  

Educators should provide each of their students with the statistical training necessary to 

retain high-variance observations. They themselves should also avoid relying on their intuition 

for aggregating the data of their students’ progress, and of whether it is due to their actual 

guidance or the students’ individual epiphanies. We further argue that educators should consider 

relying on statistical analyses of their students’ progress over the students’ own evaluations, 

since the latter may be based on flawed intuition. While controversial, our proposition is 
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informed by many students’ considerable inaccuracy in assessing the help provided by their 

teachers, as found by various empirical studies of teacher quality77,78. 

Theoretical arguments suggest that modernizing education in these ways would enhance 

individual quality of life and societal productivity. At the micro level, it would improve people’s 

decision-making, and at the macro level, it would increase the societal rate of innovation by 

broadening and diversifying the collective knowledge base of local observations79–82. We thus 

hypothesize that the benefits of educationally enhancing people’s ability to learn from their high-

variance local observations, while difficult to notice in the short term, will more than make up 

for its costs in the long term.  
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Fig. 1. Qualitative depictions of the data—the cubic fit of confidence (solid) and the linear fit of 

accuracy (dashed) over the number of task attempts—from different variants of the Sanchez–

Dunning experiment22,23. The confidence graph was somehow largely independent of the 

subjects’ actual past performance, environmental feedback that varied across the different 

variants of the experiment. First, the confidence graph was initially increasing in both 

experimental variants where it started out below the true value—Studies 1, 3, and 4 from 

Sanchez and Dunning’s first paper and Study 1 from their second paper—and variants where it 

started out above the true value—Study 2 from their first paper and Study 2 from their second 

paper. This is depicted in the comparison between the center panel and the left panel. Second, the 

increase in confidence over time was comparable between experimental variants with a high 

increase in accuracy over time—Studies 2 and 3 from their first paper and Study 2 from their 

second paper—and variants with a low such increase—Studies 1 and 4 from their first paper and 

Study 1 from their second paper. This is depicted in the comparison between the center panel and 

the right panel. 
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Fig. 2. Qualitative Dunning–Kruger graph depicting non-monotonic confidence. An unfortunate 

consequence of this non-monotonicity is that a person’s confidence may not predict her actual 

ability; a novice may be overconfident to the point of estimating her ability to be at the same 

level as that of an expert.   
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Fig. 3. A reprinting of panel (a), titled “Means”; excised from Figure 1 of Hoffman and Burks27, 

titled “Overconfidence: comparing subjective productivity forecasts with actual worker 

productivity (as a function of worker tenure).” In their study, truckers’ mean self-estimated 

productivity (dashed line) was non-monotonic with respect to the level of experience, with an 

initial phase of increase followed by a phase of decrease. Due to a lack of empirical data on 

higher levels of experience, the hypothesized final phase of increase is neither confirmed nor 

contradicted. Meanwhile, truckers’ mean true productivity (solid line) was monotonically 

increasing in the level of experience. Bayesian learning predicts that self-estimated productivity 

will rapidly converge to the true productivity, and that this convergence will begin immediately. 

Neither prediction holds empirically.  
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Fig. 4. The learner’s optimal estimate of her expected marginal payoff—a function of her level 

of experience—in an illustrative parametrization of our evolutionary model of human learning 

(the specific model parameters can be found in Fig. S1, from which this graph is obtained). After 

accumulating task-specific knowledge up to a certain intermediate level, it is in her best interest 

to quit for an opportunity-cost task with a different teacher. At that point, the risk that her current 

teacher is a charlatan—and thus cannot guarantee that the current task is possible to learn how to 

do—is too great to ignore. 
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In the following text, we will develop our decision-theoretic model of cultural learning—
learning from knowledge provided by one’s fellow group members19–21—in settings of high-
variance environmental feedback. Our main results, each proven under quite non-restrictive
assumptions on the model parameters, can be colloquially described as follows:

• When engaged in imitation learning (in our setting, learning from a teacher who is a
genuine expert in the task at hand), the student should never quit on her current task
and teacher. Her expected payoff is monotonically increasing in the level of experience
(Proposition 1).

• When engaged in innovation learning (in our setting, ostensibly learning from a char-
latanical teacher while actually learning from individual epiphanies), the student should
always quit on her current task and teacher—and begin learning an opportunity-cost task
from a new teacher—at an intermediate level of experience. Her expected payoff eventu-
ally decreases to zero as a function of the level of experience (Proposition 2).

• When in one of the two aforementioned situations without knowing precisely which one,
the student should continue to learn until an intermediate level of experience, perform a
time-measurement experiment to determine whether she is learning by imitation or inno-
vation (whether her teacher is an actual expert or a charlatan) at that intermediate point,
quit if the latter is true, and continue to learn if the former is true. Her expected payoff

1
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is a piecewise defined function that is eventually decreasing before the aforementioned
intermediate point, but is monotonically increasing after it. Consequently, this function
can be non-monotonic in the desired way: increasing at first, then decreasing, and finally
reverting back to increase (Proposition 5).

These results will first be proven for a continuous approximation of the student’s discrete
decision-theoretic environment. Then, we will show that if this discrete environment is “suffi-
ciently fine”—so that the continuous approximation is sufficiently good—the results proven in
the continuous case carry over to the discrete case, as desired.

1 Decision-theoretic model of cultural learning

In our evolutionary model of cultural learning, the human decision-maker (DM) faces a
task that requires an amount a ∈ R>0 ∪ {∞} of knowledge to master. She knows b ≤ a of this
amount. The values of b and a determine her expected marginal payoff fa(b). By scaling, we
suppose that fa : [0, a] → [0, 1] (in general, the range of the map might be different), which
we also assume is continuous with respect to both a and b. When fixing b, the payoff fa(b) is
decreasing in a; when fixing a, it is increasing in b. We suppose that fa(a) = 1, the maximum
payoff. All payoffs are subject to time-discounting by an exponential factor δ ∈ (0, 1).

The amount of knowledge that the DM possesses, b, increases over time in discrete jumps,
each following the acquisition of a payoff in the form of a high-variance lottery. Thus, b is a
sufficient statistic for the DM’s level of experience spent in the phase of learning (not including
the phase of having completed learning). It increases as a discrete learning function

LS : R≥0 → R≥0,

a right-continuous step function for which LS(0) = 0 and lim
t→∞

LS(t) =∞. Specifically,

b = min(LS(t), a),

where t denotes the point in time. The step intervals [ti−1, ti] of LS represent the learning

periods, each of which comprises one of the DM’s attempts at the task. At the end of a learning

2
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period [ti−1, ti], it yields a payoff of expected value

fa (min(LS(ti−1), a))

∫ ti

ti−1

δtdt, (1)

after which b jumps discontinuously to the next value of LS.
A Bayesian-rational agent would be able to learn from payoff observations. An obvious

example of this occurs when the payoffs are realized with no uncertainty. Then, the observed
values of fa(b) may comprise a sufficient statistic for the true value of a. However, humans by
default may not retain observations of payoffs when they occur in the form of high-variance lot-
teries, a behavior that likely evolved in response to unfavorable fitness tradeoffs from overcom-
mitting attention. Thus, only the information in the complement of payoff observations—which
we aggregate into an abstract statistic, the level b of knowledge—is available to the human DM
in our setting.

Let t1 < t2 < · · · denote the jump discontinuities of LS, which bound the learning periods.
Let bi = LS(t) for ti ≤ t < ti+1 denote the level of knowledge that the DM reaches after the ith
learning period, and ∆i = ti − ti−1 denote the length of time of the ith learning period, where
we have used the notation t0 = 0 and b0 = 0. Note that pairs of sequences {∆i}i>0 and {bi}i>0,
where all ∆i > 0 and 0 < b1 < b2 < · · · , bijectively correspond to discrete learning functions.
The DM’s total payoff from time 0 to t∗ ∈ [0,∞) ∪ {∞} is given by

ΠLS(t
∗) =

∑
i>0:ti≤t∗

fa (min(LS(ti−1), a))

∫ ti

ti−1

δtdt.

Since the DM cannot retain payoff observations by assumption, we can employ a continuous
approximation of nature, assuming its discrete learning function is sufficiently fine. Specifically,
we consider a sequence of discrete learning functions LSn that monotonically converges to a
continuous learning function L : R≥0 → R≥0, a monotonically increasing bijective function.
The DM’s payoff from time 0 to t∗ in this continuous approximation is given by

ΠL(t∗) =

∫ t∗

0

δtfa(min(L(t), a))dt,

to which ΠLSn
(t∗) converges as n→∞, by the dominated convergence theorem. We will work

with a continuous learning model (Table S2) as a tractable approximation of a sufficiently fine
discrete learning model (Table S1), which we propose as a veridical model of human learning

3
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in the evolutionary past.

2 The continuous learning model

The DM is faced with two types of tasks: those learned from innovation while under the
wings of a charlatanical teacher (tasks of the first type), which occur with probability 1− q; and
those learned from imitating an actual expert teacher (tasks of the second type), which occur
with probability q. In every continuous learning model and discrete learning model, each of
the two task types has its own learning function and probability distribution of difficulty values.
Formally, a continuous learning model (L1, L2) is defined by the data of the continuous learning
functions Lj of tasks of the jth type, the probability distributions µj of difficulty values a of
jth-type tasks, the aforementioned probability value q ∈ [0, 1], and the payoff functions fa(·).
A discrete learning model (LS, LS′) is defined by the same data, except the continuous learning
functions Lj are replaced with discrete learning functions: LS for tasks of the first type and LS′

for tasks of the second type. Additionally, we require that the values bi, to which the DM’s level
of knowledge jumps at the end of the ith learning period, are shared between LS and LS′ .

Consider a sequence of discrete learning models {(LSn , LS′n)}n>0. From this point on, we
denote the points of time bounding the learning periods of LSn by {tn,i}i≥0, those of LS′n by
{t′n,i}i≥0, the lengths of the learning periods of LSn by {∆n,i}i>0, those of LS′n by {∆′n,i}i>0, and
the knowledge values—which are shared by LSn and LS′n , as we have assumed—by {bn,i}i≥0.
Then, we say that the sequence of discrete learning models {(LSn , LS′n)}n>0 converges to a
continuous learning model (L1, L2) if the following conditions hold.

• The sequence of functions {LSn}n>0 monotonically converges (increasing with respect to
n) to L1 in a way such that L1(tn,i) = bn,i for all n and i.

• The difficulty values of tasks of the first type are given by the same distribution µ1 for L1

and all LSn .

• The sequence of functions {LS′n}n>0 monotonically converges (increasing with respect to
n) to L2 in a way such that L2(t

′
n,i) = bn,i for all n and i.

• The difficulty values of tasks of the second type are given by the same distribution µ2 for
L2 and all LS′n .
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• The probability of tasks of the second type q and the payoff functions fa(·) are shared by
(L1, L2) and all (LSn , LS′n).

The two types of tasks differ in the following ways. First, tasks of the first type have positive
probability p on the event that a =∞: in other words, that the task—due to its impossibility—
can never be learned to completion and always give a marginal payoff of f∞(b) = 0. Tasks
of the second type do not. Second, imitation learning is faster than innovation learning. In the
continuous learning model (L1, L2), the latter difference corresponds to the following condition.

Assumption C1 We have L1(t) ≤ L2(t) for all t ∈ R≥0.

When a sequence of discrete learning models {(LSn , LS′n)}n>0 converges to the continuous
learning model (L1, L2), the above condition on (L1, L2) follows from an analogous one applied
to (LSn , LS′n).

Assumption D1 We have ∆n,i ≥ ∆′n,i for all n and i.

Recall our assumption that in the discrete learning model (LSn , LS′n), the knowledge jumps
from bn,i−1 to bn,i that occur during innovation learning are indistinguishable from those that
occur during imitation learning. Thus, the only way to tell the two types of tasks apart is by
observing whether the amount of time spent in the ith learning period is ∆n,i or the possibly
smaller value ∆′n,i. Furthermore, this can only be done when these two values are distinct.

In the approximating continuous learning model (L1, L2), the DM’s information set in an
infinitesimal period of time is comprised of her level of knowledge b on her current task, whether
b has reached a and thus stopped increasing, and whether she has ruled out the possibility that
j = 1 or j = 2. The latter will be subject to a constraint detailed in Assumption C2.

It remains to define the DM’s action space in an infinitesimal period of time within the
continuous learning model (L1, L2). She maximizes her expected total payoff within the con-
tinuous learning game’s overall action space—which only pertains to quitting—and this payoff
determines the main term (as n→∞) of her optimal expected total payoff in the approximated
discrete learning model (LSn , LS′n). Later, we will define the discrete learning model’s finer
action space—containing strategic considerations other than quitting—which determines the
error term. Furthermore, it explains the evolutionary benefit of both having an accurate innate
estimate of the expected marginal payoff and ruling out the possibility that the current task is of
the first type at the latest possible moment: right before quitting.
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As we have alluded to above, the DM’s action space in an infinitesimal period of time
within the continuous learning model (L1, L2) is comprised of two options: continuing to learn
the current task (the default option, which in particular is always taken when b has reached a)
and quitting for an opportunity-cost task (which resets b to zero). Whenever the latter action is
taken, as well as in the very beginning, a task (j, a) is drawn from the distribution µ of tasks,
each of which is comprised of a type j ∈ {1, 2} and a difficulty value a ∈ R>0 ∪ {∞}. When
a task is drawn from µ, the value of j is first determined: j = 1 with probability 1 − q and
j = 2 with probability q. Then, the value of a is drawn from the distribution µj of tasks of
the jth type. The DM begins learning every task without knowing its type j. We introduce the
following constraint to identifying j and quitting that is exogenous to the continuous learning
model, but will be—in the following section—endogenously justified for the discrete learning
model that it approximates.

Assumption C2 To identify j, the DM must commit to quitting the task immediately
afterwards if she finds out that j = 1. She can only perform this identification when her level
of knowledge b is ≥ β for a fixed β > 0.

We qualitatively describe the DM’s optimal quitting strategy when all tasks are of the second
type (q = 1), of the first type (q = 0), or are nontrivially divided between the two types
(0 < q < 1). When q = 1, the DM never quits. When q = 0, the DM always quits at a
finite level of knowledge. Finally, when 0 < q < 1, the DM never quits tasks of the second
type, and quits tasks of the first type at a finite level of knowledge. The constraint imposed by
Assumption C2 plays a vital role in determining the optimal quitting strategy in the latter case.

2.1 The case of q = 1 (no tasks of infinite difficulty)

Suppose that all tasks are of the second type, or functionally speaking, that there are no
tasks of infinite difficulty, a = ∞. Then, consider the following assumption on the payoff
functions fa(·).

Assumption C3 The payoff functions fa(·) satisfy

fb+m(b) < fb′+m(b′)

for all b < b′ and m > 0.
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This axiom is plausible because a fixed amount of knowledge m constitutes a larger fraction
of the total knowledge of an easy task than of a difficult task; consequently, not knowing it
would cause a harsher penalty in the former case.

When the distribution µ = µ2 of task difficulties is exponential, Assumption C3 implies the
first-order stochastic dominance of being at a level of knowledge b that has not yet caught up to
the true task difficulty a, over being at a level of knowledge b < b that has also not yet caught
up to a. From this, we deduce two conclusions. First, the expected payoff function

g(b) =

∫
a>b

fa(b)dµ(a)∫
a>b

dµ(a)
,

defined by the expected value of the marginal payoff at level of knowledge b that has not yet
caught up to a, is monotonically increasing. Second, define the quitting value function V (b) by
the expected total payoff from quitting at level of knowledge b ∈ R≥β ∪ {∞} that has not yet
caught up to a. It is given by the solution to

V =

∫ b

0

(∫ L−1
2 (a)

0

δtfa(L2(t))dt+

∫ ∞
L−1
2 (a)

δtdt

)
dµ(a)

+

∫ ∞
b

(∫ L−1
2 (b)

0

δtfa(L2(t))dt+ δL
−1
2 (b)V

)
dµ(a).

Then, V (b) is uniquely maximized at b =∞.

Proposition 1. Suppose q = 1 and µ = µ2 is an exponential distribution of decay factor

η ∈ (0, 1). Under Assumption C3, the following are true.

a) The quitting value function V (b) is uniquely maximized at b =∞.

b) The expected payoff function g(b) is strictly increasing.

In other words, if all tasks were learnable in finite time, the DM’s expected marginal payoff
would be monotonically increasing in the level of knowledge.

2.2 The case of q = 0 (with tasks of infinite difficulty)

Suppose that all tasks are of the first type, or functionally speaking, that tasks with infinite
difficulty a = ∞ occur with positive probability. Specifically, we assume that µ = µ1 is the
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distribution with probability p ∈ (0, 1) on the event a = ∞ and the remaining probability
distributed exponentially on R>0 with decay factor η. The quitting value function V (b) is then
given by the solution to

V =

∫ b

0

(∫ L−1
1 (a)

0

δtfa(L1(t))dt+

∫ ∞
L−1
1 (a)

δtdt

)
dµ(a)

+

∫
a>b

(∫ L−1
1 (b)

0

δtfa(L1(t))dt+ δL
−1
1 (b)V

)
dµ(a),

Consider the following mild differential condition.

Assumption C4 The learning function L1(·) is continuously differentiable and satisfies

L′1(t)� η−L1(t)

as t→∞.

This asymptotic upper bound on the derivative L′1(t) guarantees that the introduction of
infinite-difficulty tasks into the continuous learning model changes b = ∞, which previously
was the unique optimal quitting point, to be suboptimal. Instead, every optimal quitting point
of V (·) is finite. Assumption C4 is reasonable; it is immediately satisfied, for example, if the
continuously differentiable learning function L1 is Lipschitz.

Another mild differential condition—which constrains the derivatives of the payoff func-
tions fa(b) from being uniformly too large—guarantees that the expected payoff function g(b)

is monotonically decreasing for all sufficiently large b.

Assumption C5 The payoff functions fa(·) are continuously differentiable and satisfy∫
a>b

f ′a(b)η
ada� ηb

as b→∞.

Overall, we have the following non-monotonicity.

Proposition 2. Suppose q = 0 and µ = µ1 is the distribution with probability p > 0 on the

event a =∞ and the remaining probability distributed exponentially on R>0 with decay factor

η ∈ (0, 1).
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a) Under Assumption C4, V (b) is strictly decreasing for all sufficiently large b. In particular,

the one or more quitting points b∗ that maximize V (·) are finite.

b) The expected payoff function g(b) converges to zero as b→∞. In particular, g(·) attains

its maximum at one or more finite points b.

c) Under Assumption C5, g(b) is strictly decreasing for all sufficiently large b.

In other words, allowing impossible tasks to occur with positive probability prevents the ex-
pected payoff function from being monotonically increasing. Also, the optimal quitting point(s)
b∗ must be finite. In fact, we can show that they can be made arbitrarily large in our continuous
learning model by suitably shrinking the probability mass p on the event a =∞. Colloquially,
it is feasible that the DM does not quit soon, for arbitrarily generous notions of “soon.”

Corollary 3. Suppose Assumptions C2 and C3 hold, retain the setting of Proposition 2, and fix

all choices except that of p. For every γ ≥ β > 0, there exists p such that any optimal quitting

point b∗ of Proposition 2’s game for which the event a =∞ has probability p satisfies

b∗ > γ.

To prove this, we will use the following lemma, a comparative-statics result which is also
of independent interest.

Lemma 4. For any fixed b ∈ [β,∞)∪{∞}, the value of V (b) is strictly decreasing with respect

to p.

2.3 The mixed case of 0 < q < 1 (with both innovation and imitation
learning)

We now consider the mixed case, which we offer as an approximation of a veridical model
of ancestral humans’ learning environment. The task distribution is defined by

µ(1, a) = (1− q)µ1(a) and µ(2, a) = qµ2(a), (2)

where µ1 and µ2 are of the form defined in Propositions 2 and 1, respectively.
The proof of Proposition 1 (provided in Subsection 4.1) shows that the DM always prefers

being at a positive level of knowledge b (that has not yet caught up to a) for a task of the second
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type, to being at zero knowledge for a task of the second type, which is—by Assumption C1—
always preferred to being at zero knowledge for a task of the first type. Thus, any optimal
quitting strategy must be of the following form: never quit tasks of the second type, and quit
tasks of the first type only when the level of knowledge b reaches some value b∗ ∈ [β,∞)∪{∞}
before catching up to a. Denote this by the quitting strategy b∗. Recall the following content of
Assumption C2: when employing quitting strategy b∗, the DM has not ruled out either j = 1 or
j = 2 when b < b∗; but when b = b∗, she finds out the type of the task, quits if j = 1, and does
not quit if j = 2.

Define the conditional quitting value functions V1(b) and V2(b) by the expected total payoff
from quitting at level of knowledge b that has not yet caught up to a, conditional on the task
being of type j = 1 or j = 2, respectively. Also, define the unconditional quitting value

function Vu(b) = (1− q)V1(b) + qV2(∞) by the expected total payoff from employing quitting
strategy b: that of quitting tasks of the first type at level of knowledge b that has not yet caught
up to a.

Similarly, the conditional expected payoff functions g1(b) and g2(b) are defined by the ex-
pected marginal payoff at level of knowledge b that has not yet caught up to a, conditional on
the task being of type j = 1 or j = 2, respectively. Also, define the unconditional expected

payoff function

gu(b) =

∫
a>b

fa(b)dµ(j, a)∫
a>b

dµ(j, a)

by the expected marginal payoff at level of knowledge b that has not yet caught up to a, uncon-
ditional on the task type. Distinguish the latter from the true expected payoff function gb∗(b)

associated to quitting strategy b∗, defined by the piecewise function given by gu(b) if b < b∗

and g2(b) if b ≥ b∗.

Proposition 5. Suppose 0 < q < 1 and µ is given by (2) such that µ1 is the distribution with

probability p > 0 on the event a = ∞ and the remaining probability distributed exponentially

on R>0 with decay factor η ∈ (0, 1), and µ2 is the exponential distribution of decay factor η.

Under Assumptions C1 and C2, the following are true.

a) The conditional quitting value function V2(b) is uniquely maximized at b = ∞ under

Assumption C3, while under Assumption C4, the unconditional quitting value function

Vu(b) is strictly decreasing for all sufficiently large b. In particular, the one or more
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quitting strategies b∗ maximizing

max
b∈R≥β∪{∞}

Vu(b)

are finite under Assumption C4.

b) The conditional expected payoff function g2(b) is strictly increasing under Assumption C3,

while the unconditional expected payoff function gu(b) converges to zero as b→∞.

c) Under Assumption C5, gu(b) is strictly decreasing for all sufficiently large b.

Note that if β = 0, then the optimal quitting strategy would always be b∗ = 0. In other
words, only tasks of the second type would ever be learned, and the associated true expected
payoff function gb∗(b) would be monotonically increasing. Consequently, a non-monotonic true
expected payoff function gb∗(b) requires that β > 0.

Recall our feasibility result, Corollary 3, that making the probability p of the event a = ∞
sufficiently small guarantees that the DM does not quit soon, for arbitrarily generous notions
of “soon.” We show an analogous feasibility result. By making both p and the probability q of
tasks of the second type sufficiently small in our continuous learning model, we can guarantee
that the DM does not quit soon in our current setting.

Corollary 6. Suppose Assumptions C1–C3 hold, retain the setting of Proposition 5, and fix all

choices except those of p and q. For every γ ≥ β > 0, there exist p and q such that any optimal

quitting strategy b∗ of Proposition 5’s game for which tasks of the first type have difficulty a =∞
with probability p and tasks of the second type occur with probability q satisfies

b∗ > γ.

To prove this, we will use the following lemma, a comparative-statics result which is also
of independent interest.

Lemma 7. For any fixed b ∈ [β,∞)∪{∞}, the value of Vu(b) is strictly decreasing with respect

to p and strictly increasing with respect to q.

In summary, for any optimal quitting strategy b∗, which can be made arbitrarily late by a
suitable choice of model parameters, the associated true expected payoff function gb∗(b) is a
piecewise-defined function that is given by an increasing function, g2(b), for b ≥ b∗; and by a
function that is eventually decreasing, gu(b), for b < b∗ (see Fig. S1).
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3 Limit of discrete learning models

Regarding the approximation of a fine discrete learning model with a continuous learn-
ing model, two issues remain. First, we have not yet justified the exogenous Assumption C2.
Second, the continuous learning model does not explain the evolutionary benefit of innately
possessing a then-accurate estimate of the expected marginal payoff. We address both of
these issues by introducing side opportunities that provide positive, but negligible payoffs;
and a less negligible, endogenous cost to identifying the type j of the current task by a time-
measurement experiment. These two negligible factors can be thought of as mathematically
analogous to trembles—small risks that agents in a strategic game may play unintended strate-
gies by accident—in the notion of trembling-hand perfect equilibria83. Our overall story then
holds for a sufficiently fine discrete learning model in a sequence of discrete learning models
converging to a continuous learning model.

Ethnographic evidence shows that even in hunter-gatherer societies like those of the evo-
lutionary past, humans take on highly specialized roles, which require copious amounts of ex-
perience and knowledge84. These specializations can be thought of as analogous to modern
workers’ full-time jobs. However, hunter-gatherers also face incentives to be opportunistic: to
accurately appraise—and based on the result of said appraisal, possibly procure—additional
foraging opportunities as they arise85. These opportunities can be thought of as analogous to
the side gigs that modern workers do in addition to their jobs. It is thus realistic for our learning
model, which in its continuous form only considered the tasks analogous to full-time jobs, to
also consider unrelated opportunities analogous to side gigs.

To the discrete form of our learning model, we proceed to add side opportunities that require
an accurate estimation of payoffs from the default foraging task to optimally exploit—taking
such an opportunity only when its marginal payoff exceeds the expected marginal payoff of
the default foraging method—but whose payoff values decay to zero in the continuous limit.
In other words, the continuous approximation (L1, L2) of nature’s discrete learning model
(LSn , LS′n) creates a lexicographic evolutionary objective. Payoffs from the default foraging
method comprise the Θ(1) main term, and payoffs from side opportunities comprise the o(1)

error term. The quitting strategy affects the main term, and is thus of primary importance. The
strategy of which side opportunities should be taken in lieu of the default option does not affect
the main term; it only affects the error term, and is thus of secondary importance.

Specifically, we suppose that for every discrete learning model in our sequence of (LSn , LS′n)
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converging to the continuous learning model (L1, L2), the ith learning period contains a side
opportunity whose procurement requires an expected fraction Rn,i ∈ (0, 1) of the learning
period’s time (taking into account the time-discounting). The DM can choose whether or not to
devote an expected fractionRn,i of the learning period’s time to obtaining the side opportunity’s
marginal payoff P , drawn from some random distribution whose support is [0, 1]. In other
words, the DM chooses between the default expected payoff (1) and its altered form,(

Rn,iP + (1−Rn,i) fa (min(bn,i−1, a))

)∫ tn,i

tn,i−1

δtdt,

that results from taking the side opportunity. Then, an accurate mental estimate g(·) of the
expected marginal payoff from the default foraging method allows for the maximization of
additional payoffs from side opportunities. Indeed, the DM should procure the side opportunity
if g(bn,i−1) < P and forgo it if g(bn,i−1) > P .

The following assumption endogenizes the above discussion that side opportunities provide
positive, but negligible additional payoffs. In the continuous limit, the total additional payoff
from side opportunities decays to zero and thus ceases to factor into the optimization problem

max
b∈R≥β∪{∞}

Vu(b)

of the quitting strategy.

Assumption D2 As n → ∞, the expected fraction Rn,i of the ith learning period’s time
that can be used for a side opportunity is uniformly o(1).

It remains to endogenize Assumption C2 with an explanation of why the DM switches
priors—from j ∈ {1, 2} to either j = 1 or j = 2—only just before quitting at the optimal level
of knowledge b∗. Consider our sequence of discrete learning models {(LSn , LS′n)}n>0 satisfying
Assumption D1 that converges to the continuous learning model (L1, L2). The lengths of time
∆n,i ≥ ∆′n,i of the associated learning periods are either equal or distinct. In the former case,
∆n,i = ∆′n,i, the DM has no way of distinguishing between the possibilities j = 1 and j = 2

within that learning period; this can only be done in the latter case, ∆n,i > ∆′n,i. Thus, the
following assumption, a revision of Assumption D1, endogenizes the part of Assumption C2
that constrains quitting to only occur after passing a fixed level of knowledge β > 0.
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Assumption D1* For all i such that bn,i−1 < β, we have ∆n,i = ∆′n,i. For all other i, we
have ∆n,i > ∆′n,i.

This assumption is consistent with the finding of Sanchez and Dunning23 that each progres-
sive trial in their experiment decreased in length of time. We hypothesize that this decrease oc-
curs faster for imitation learning than it does for innovation learning, so that while the lengths of
time ∆n,i and ∆′n,i are indistinguishable in the beginning, they decrease and eventually branch
off from one another as i→∞ (see Fig. S2). As a result, the DM can keep track of the amount
of time it takes her to traverse the ith learning period, and depending on whether that amount is
∆n,i or ∆′n,i, she can conclude that j = 1 or j = 2, respectively.

If the DM incurs no cost in performing this time-measurement experiment, then she would
do so at the earliest possible time: the ith learning period for the smallest i such that ∆n,i > ∆′n,i.
This is consistent with our story if b∗ = β: in other words, if the DM quits at the earliest possible
quitting point. However, in the more feasible case that b∗ > β, the DM would costlessly
identify j at the earliest possible level of knowledge, β, so that the resulting change in the
confidence estimate from gu(b) to g1(b) or g2(b) would increase the additional payoffs from
side opportunities. Then, the remaining part of Assumption C2—which states that after any
identification of j, the DM immediately quits if j turns out to be 1—would not hold true. Thus,
we need an additional assumption like the following to endogenize this condition.

Assumption D3 The undiscounted expected cost of a time-measurement experiment Cn,i
during the ith learning period is uniformly o(1) as n → ∞. However, it is greater than the
expected additional payoff the DM would obtain from side opportunities by improving her
confidence estimate from gu(b) to g1(b) or g2(b), over the remainder of the learning game (ac-
counting for time discounting).

This o(1) cost can be explained by the increased risk of evolutionary threats—such as am-
bushes by other humans—resulting from overcommitting attention to the time-measurement
experiment. The DM quits if j = 1, and otherwise, she changes priors to j = 2 and continues
learning the current task. The time-measurement experiment provides a Θ(1) benefit for an
o(1) cost, so the DM must perform this experiment before reaching the level of knowledge bn,i
at which she quits tasks of the first type. Assumption D3 guarantees that the DM does so at
the latest possible moment: during the learning period that precedes the jump to bn,i. Indeed,
we have assumed the o(1) cost of the time-measurement experiment to always be greater than
the o(1) expected increase in additional payoffs from identifying j: information that allows the
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DM to more optimally take side-opportunity payoffs in lieu of default payoffs, and thus would
be taken as early as possible if it were free.

In the absence of infinite-difficulty tasks, the introduction of side opportunities and time-
measurement costs is not necessary to prove for discrete learning models the monotonicity of
the expected payoff function. Indeed, the proof of Proposition 1 (provided in Subsection 4.1)
also demonstrates that a discrete learning model with only tasks of the second type has both
a monotonically increasing expected marginal payoff function and the property that quitting is
always suboptimal. Specifically, the proof shows that the DM would always prefer being at a
positive level of knowledge b (that has not yet caught up to a) for a task of the second type,
to being at zero knowledge for a task of the second type, which is preferred to being at zero
knowledge for a task of the first type. Thus, any optimal quitting strategy of a discrete learning
model (LSn , LS′n) must be to only quit in the following situation: when the level of knowledge b
reaches some bn,i−1—which is allowed to be infinite—before catching up to a, perform a time-
measurement experiment; if the type is j = 2, never quit; and if the type is j = 1, quit at level
of knowledge bn,i—the start of the ith learning period—if learning has not completed by then.
Denote this by the discrete quitting strategy bn,i.

Define the discrete quitting value function Vu,n : {bn,i : β ≤ bn,i} → R≥0 by the expected
total payoff from employing the discrete quitting strategy bn,i. Recall that we have denoted its
counterpart for the continuous learning model (L1, L2) by Vu; and the expected payoff functions
(conditional on b not having caught up to a), g1, g2, and gu. The latter are also the expected
marginal payoff functions of the discrete learning models (LSn , LS′n).

To recap our hypothesis, side opportunities incentivized ancestral humans to estimate the
expected marginal payoff from their primary foraging method as a function of their level of
knowledge on it. Furthermore, when the speeds of innovation learning and imitation learning
branch off, a time-measurement experiment can differentiate between the two types of tasks.
However, the evolutionary cost of performing this experiment made it suboptimal to do so
until the last possible moment: the intermediate learning period after which tasks of innovation
learning should be quit. Due to the negligibility of these factors, the discrete learning model is
well-approximated by a continuous learning model.

Proposition 8. Suppose we have a sequence of discrete learning models {(LSn , LS′n)}n>0—

all having task distribution µ of the form in Proposition 5; satisfying Assumptions D1*, D2,

and D3; and sharing payoff functions fa(·) satisfying Assumption C3—that converges to the

continuous learning model (L1, L2).
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a) Given a side opportunity of marginal value P , the DM procures it if P is greater than
1 if her level of knowledge bn,i has caught up to a,

gu(bn,i) if bn,i has not caught up to a, and the task type j is unknown,

g2(bn,i) if bn,i has not caught up to a, and the task type is known to be j = 2;

leaves it if the reverse inequality holds; and is indifferent between the two options if

equality holds.

b) For every ε > 0, the discrete quitting value function Vu,n is ε-close in sup norm to Vu
for all sufficiently large n. In particular, if (L1, L2) satisfies Assumption C4, then for all

sufficiently large n, the one or more optimal discrete quitting strategies b∗n,i maximizing

Vu,n(·) are finite.

We hypothesize that human learners, when informationally lacking a Bayesian estimate of
future payoffs, default to an innate estimate

bn,i 7→

gu(bn,i) if bn,i < b∗n,i,

g2(bn,i) if bn,i ≥ b∗n,i,
(3)

associated to an optimal discrete quitting strategy b∗n,i of the evolutionary past’s learning envi-
ronment (LSn , LS′n). Recall from Proposition 5 that g2 is monotonically increasing with respect
to the level of knowledge bn,i, while gu eventually decays to zero; in fact, the latter is eventually
decreasing under Assumption C5. The aforementioned piecewise-defined function (3) can thus
exhibit the desired non-monotonicity—initially increasing, then decreasing, and finally revert-
ing to increase—depending on the choice of model parameters.

3.1 Directions for generalization

Assumption D3, which endogenously justifies the part of Assumption C2 pertaining to quit-
ting, guarantees that the DM performs the time-measurement experiment at the latest possible
moment before the optimal quitting point b∗n,i: during the learning period directly preceding
b∗n,i. However, while this is sufficient for our main hypothesis—that the piecewise definition of
the expected marginal payoff can explain its non-monotonicity—it is not necessary. In general,
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the evolutionary cost of performing the time-measurement experiment (due to risks from over-
comitting attention) and the expected benefit it would provide (due to better exploitation of side
opportunities) can be such that the optimal moment to perform the time-measurement experi-
ment is any learning period between β and b∗n,i. If this learning period, say the Ith one, is not
the latest learning period between β and b∗n,i, and the time-measurement experiment reveals that
the task type is j = 1, then the DM replaces her confidence estimate gu with g1 in the remaining
learning periods before quitting at level of knowledge b∗n,i. The DM’s confidence estimate at
level of knowledge bn,i (that has not yet caught up to a) and task type j is thus given by

(bn,i, j) 7→


gu(bn,i) if bn,i < bn,I ,

g1(bn,i) if bn,I ≤ bn,i < b∗n,i and j = 1,

g2(bn,i) if bn,I ≤ bn,i and j = 2,

(4)

which can still be non-monotonic with respect to the level of knowledge in the desired way:
general increase except for an intermediate period of decrease. The empirical data—humans’
confidence estimates and quitting behavior when they learn tasks without meaningfully retain-
ing environmental feedback—may be consistent with (3), or with its more general form (4).

Also, the DM’s optimal estimate of her future payoff—her confidence—can in general vary
with additional contextual information (in the complement of high-variance payoff observa-
tions) that is available to her, not just the one-dimensional level of experience. Our learning
model, when suitably generalized in this way, can be applied to myriad settings of knowledge-
based learning in the absence of meaningfully retained payoff observations. For example, it can
model the decision-making of basic-science researchers who are tasked with choosing between
research programs to work on, just as it can model the decision-making of ancestral humans who
chose between foraging tasks learned from fellow group members. While the latter is the focus
of this paper, there is a diverse array of potential applications for our novel decision-theoretic
model and its generalizations.

4 Proofs of results

We provide proofs of the aforementioned results.
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4.1 Proof of Proposition 1

The conditional probability distributions µ2|a>b are naturally isomorphic for all b; all are
exponential distributions of the same decay factor η. Assumption C3 implies that for a DM
whose learning has not completed yet, the conditional distribution of payoffs at level of knowl-
edge b is first-order stochastic dominated by that at level of knowledge b > b, which proves part
(b). It follows that when b has not yet reached a, the DM would always prefer to be at a greater
level of knowledge b, which proves part (a).

4.2 Proof of Proposition 2

To prove part (a), it suffices to show that the derivative of

V (b) =
1

1−
∫
a>b

δL
−1
1 (b)dµ(a)

·

(∫ b

0

(∫ L−1
1 (a)

0

δtfa(L1(t))dt+

∫ ∞
L−1
1 (a)

δtdt

)
dµ(a)

+

∫
a>b

(∫ L−1
1 (b)

0

δtfa(L1(t))dt

)
dµ(a)

))
,

which is given by

V ′(b) =
1(

1−
∫
a>b

δL
−1
1 (b)dµ(a)

)2
·

((
1−

∫
a>b

δL
−1
1 (b)dµ(a)

)(
µ(b)

∫ ∞
L−1
1 (b)

δtdt+

∫
a>b

δL
−1
1 (b)fa(b)

L′1(L
−1
1 (b))

dµ(a)

)

−

(
µ(b)δL

−1
1 (b) +

∫
a>b

δL
−1
1 (b) log 1

δ

L′1(L
−1
1 (b))

dµ(a)

)

·

(∫ b

0

(∫ L−1
1 (a)

0

δtfa(L1(t))dt+

∫ ∞
L−1
1 (a)

δtdt

)
dµ(a)

+

∫
a>b

(∫ L−1
1 (b)

0

δtfa(L1(t))dt

)
dµ(a)

))
,
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is negative for all sufficiently large b (excluding any isolated points b at which L′1(L
−1
1 (b)) = 0,

where the derivative may be undefined). Indeed, the distribution of∫
a>b

dµ(a)

becomes dominated by the point mass on the event a = ∞ as b → ∞. Using Assumption C4
to bound the error term, it follows that

V ′(b) < −κ δL
−1
1 (b)

L′1(L
−1
1 (b))

for all sufficiently large b, where κ > 0 is some constant.
Part (b) follows from the fact that the conditional distribution µ1|a>b is dominated by the

event a =∞ for large b.
To prove part (c), we need to show that the derivative

g′(b) =
d

db

(1− p)
(

log 1
η

) ∫∞
b
fa(b)η

ada

p+ (1− p)
(

log 1
η

) ∫∞
b
ηada

=
1(

p+ (1− p)
(

log 1
η

) ∫∞
b
ηada

)2
·

((
p+ (1− p)

(
log

1

η

)∫ ∞
b

ηada

)(
(1− p)

(
log

1

η

)(
−ηb +

∫ ∞
b

f ′a(b)η
ada

))

+ (1− p)
(

log
1

η

)
ηb
(

(1− p)
(

log
1

η

)∫ ∞
b

fa(b)η
ada

))

is negative for all sufficiently large b. Using Assumption C5 to bound the error term, we find
that

g′(b) < −κηb

for all sufficiently large b, where κ > 0 is some constant.
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4.3 Proof of Corollary 3

Let µp be the distribution that has probability mass p on a =∞ and probability mass 1− p
distributed exponentially on R>0 with a fixed decay factor η ∈ (0, 1). Let Vµp(·) denote the
quitting value function of Proposition 2’s game when the task distribution is µp. By applying
Lemma 4, we will show a stronger statement than that of Corollary 3; we will show that for
every decreasing sequence of probability values {pn}n∈Z>0 converging to zero, there exists N
such that any optimal quitting point b∗ of Vµpn is greater than γ for all n ≥ N .

By Lemma 4, the continuous functions {Vµpn}n∈Z>0 monotonically converge (increasing
with respect to n) to Vµ0 , which is also continuous. An application of Dini’s theorem thus
shows that the convergence of Vµpn to Vµ0 on the compactified space [β,∞) ∪ {∞} is uniform.
Let

ε = Vµ0(∞)− max
b∈[β,γ]

Vµ0(b),

which is positive by Proposition 1. By uniform convergence, there exists N such that for all
n ≥ N , we simultaneously have

|Vµpn (∞)− Vµ0(∞)| < ε

2

and
|Vµpn (b)− Vµ0(b)| <

ε

2

for all b ∈ [β, γ]. Since
Vµ0(b) < Vµ0(∞)

for every b ∈ [β, γ] with a difference of at least ε, it follows from the triangle inequality that for
any n ≥ N , we have

Vµpn (b) < Vµpn (∞)

for all b ∈ [β, γ]. In particular, no b ∈ [β, γ] maximizes Vµpn .

4.4 Proof of Lemma 4

Recall that

Vµp(b) =
1

1− δL−1
1 (b)

(
p+ (1− p)

(
log 1

η

) ∫∞
b
ηada

)
20

Electronic copy available at: https://ssrn.com/abstract=3754499



· (1− p)
(

log
1

η

)(∫ b

0

(∫ L−1
1 (a)

0

δtfa(L1(t))dt+

∫ ∞
L−1
1 (a)

δtdt

)
ηada

+

∫ ∞
b

(∫ L−1
1 (b)

0

δtfa(L1(t))dt

)
ηada

))
. (5)

Its partial derivative with respect to p is

∂

∂p
Vµp(b) =

1(
1− δL−1

1 (b)
(
p+ (1− p)

(
log 1

η

) ∫∞
b
ηada

))2
·

((
1− δL

−1
1 (b)

(
p+ (1− p)

(
log

1

η

)∫ ∞
b

ηada

))

·

(
−
(

log
1

η

)(∫ b

0

(∫ L−1
1 (a)

0

δtfa(L1(t))dt+

∫ ∞
L−1
1 (a)

δtdt

)
ηada

+

∫ ∞
b

(∫ L−1
1 (b)

0

δtfa(L1(t))dt

)
ηada

))

+ δL
−1
1 (b)

(
1−

(
log

1

η

)∫ ∞
b

ηada

)
· (1− p)

(
log

1

η

)(∫ b

0

(∫ L−1
1 (a)

0

δtfa(L1(t))dt+

∫ ∞
L−1
1 (a)

δtdt

)
ηada

+

∫ ∞
b

(∫ L−1
1 (b)

0

δtfa(L1(t))dt

)
ηada

))
,

which is equal to a positive term multiplied by

δL
−1
1 (b)

(
1− p− (1− p)

(
log

1

η

)∫ ∞
b

ηada

)
−
(

1− δL
−1
1 (b)

(
p+ (1− p)

(
log

1

η

)∫ ∞
b

ηada

))
= −1 + δL

−1
1 (b) < 0.

Thus, Vµp(b) is strictly decreasing with respect to p.
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4.5 Proof of Proposition 5

The first part of (a) follows from the argument in the proof of Proposition 1. To prove the
second part, it suffices to show that the derivative

V ′u(b) = (1− q)V ′1(b)

is negative for all sufficiently large b (excluding any isolated points b at which L′1(L
−1
1 (b)) = 0,

where the derivative V ′1(b) may be undefined). The conditional quitting value function V1(b) is
the solution to

V =

∫ b

0

(∫ L−1
1 (a)

0

δtfa(L1(t))dt+

∫ ∞
L−1
1 (a)

δtdt

)
dµ1(a)

+

∫
a>b

(∫ L−1
1 (b)

0

δtfa(L1(t))dt+ δL
−1
1 (b) ((1− q)V + qV2(∞))

)
dµ1(a),

where

V2(∞) =

∫ ∞
0

(∫ L−1
2 (a)

0

δtfa(L2(t))dt+

∫ ∞
L−1
2 (a)

δtdt

)
dµ2(a).

Thus, we have

V1(b) =
1

1− (1− q)
∫
a>b

δL
−1
1 (b)dµ1(a)

·

(∫ b

0

(∫ L−1
1 (a)

0

δtfa(L1(t))dt+

∫ ∞
L−1
1 (a)

δtdt

)
dµ1(a)

+

∫
a>b

(∫ L−1
1 (b)

0

δtfa(L1(t))dt+ δL
−1
1 (b)qV2(∞)

)
dµ1(a)

))
,

whose derivative is given by

V ′1(b) =
1(

1− (1− q)
∫
a>b

δL
−1
1 (b)dµ1(a)

)2
·

((
1− (1− q)

∫
a>b

δL
−1
1 (b)dµ1(a)

)
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·

(
µ1(b)

∫ ∞
L−1
1 (b)

δtdt+

∫
a>b

δL
−1
1 (b)fa(b)

L′1(L
−1
1 (b))

dµ1(a)

− qV2(∞)

(
µ1(b)δ

L−1
1 (b) +

∫
a>b

δL
−1
1 (b) log 1

δ

L′1(L
−1
1 (b))

dµ1(a)

))

− (1− q)

(
µ1(b)δ

L−1
1 (b) +

∫
a>b

δL
−1
1 (b) log 1

δ

L′1(L
−1
1 (b))

dµ1(a)

)

·

(∫ b

0

(∫ L−1
1 (a)

0

δtfa(L1(t))dt+

∫ ∞
L−1
1 (a)

δtdt

)
dµ1(a)

+

∫
a>b

(∫ L−1
1 (b)

0

δtfa(L1(t))dt+ δL
−1
1 (b)qV2(∞)

)
dµ1(a)

))
.

Just as in the proof of Proposition 2(a), we can use Assumption C4 to show that the above
expression is

< −κ δL
−1
1 (b)

L′1(L
−1
1 (b))

for all sufficiently large b, where κ > 0 is some constant.
The first part of (b) follows from the argument in the proof of Proposition 1, while the

second part follows from the fact that the conditional distribution µ|a>b is dominated by the
event (j, a) = (1,∞) for large b.

To prove part (c), we show that the derivative

g′u(b) =
d

db

(1− (1− q)p)
(

log 1
η

) ∫∞
b
fa(b)η

ada

(1− q)p+ (1− (1− q)p)
(

log 1
η

) ∫∞
b
ηada

is negative for all sufficiently large b, under Assumption C5. This has already been done in the
proof of Proposition 2(c).

4.6 Proof of Corollary 6

Let Vp,q(b) denote the unconditional quitting value function of Proposition 5’s game for
which tasks of the first type have difficulty a = ∞ with probability p and tasks of the second
type occur with probability q. By applying Lemma 7, we will show a stronger statement than
that of Corollary 6; we will show that for any pair of decreasing sequences {pn}n∈Z>0 and
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{qm}m∈Z>0 converging to zero, there exists N such that for any n ≥ N , we can find Mn such
that any optimal quitting strategy b∗ of Vpn,qm is greater than γ for all m ≥Mn.

The proof of Corollary 3 shows that there exists N such that for any n ≥ N , we have

Vpn,0(b) < Vpn,0(∞)

for all b ∈ [β, γ]. Fix n ≥ N . By Lemma 7, the continuous functions {Vpn,qm}m∈Z>0 mono-
tonically converge (decreasing with respect to m) to Vpn,0, which is also continuous. It thus
follows from Dini’s theorem that the convergence of Vpn,qm to Vpn,0 on the compactified space
[β,∞) ∪ {∞} is uniform. Let

ε = Vpn,0(∞)− max
b∈[β,γ]

Vpn,0(b),

which is positive by our choice of n. By uniform convergence, there exists Mn such that for all
m ≥Mn, we simultaneously have

|Vpn,qm(∞)− Vpn,0(∞)| < ε

2

and
|Vpn,qm(b)− Vpn,0(b)| <

ε

2

for all b ∈ [β, γ]. Since
Vpn,0(b) < Vpn,0(∞)

for all b ∈ [β, γ] with a difference of at least ε, it follows from the triangle inequality that for
any m ≥Mn, we have

Vpn,qm(b) < Vpn,qm(∞)

for all b ∈ [β, γ]. In particular, no b ∈ [β, γ] maximizes Vpn,qm .

4.7 Proof of Lemma 7

We first show that Vu(b) is strictly decreasing with respect to p. This has been done in
Lemma 4 for the special case that q = 0; we now show the general statement. Recall that

Vu(b) = (1− q)V1(b) + qV2(∞), (6)
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from which we obtain
∂

∂p
Vu(b) = (1− q) ∂

∂p
V1(b).

To demonstrate that ∂
∂p
Vu(b) < 0, we need to show that the partial derivative of

V1(b) =
1

1− δL−1
1 (b)(1− q)

(
p+ (1− p)

(
log 1

η

) ∫∞
b
ηada

)
·

(
δL
−1
1 (b)q

(
p+ (1− p)

(
log

1

η

)∫ ∞
b

ηada

)
V2(∞)

+ (1− p)
(

log
1

η

)(∫ b

0

(∫ L−1
1 (a)

0

δtfa(L1(t))dt+

∫ ∞
L−1
1 (a)

δtdt

)
ηada

+

∫ ∞
b

(∫ L−1
1 (b)

0

δtfa(L1(t))dt

)
ηada

))
(7)

with respect to p,

∂

∂p
V1(b) =

1(
1− δL−1

1 (b)(1− q)
(
p+ (1− p)

(
log 1

η

) ∫∞
b
ηada

))2
·

((
1− δL

−1
1 (b)(1− q)

(
p+ (1− p)

(
log

1

η

)∫ ∞
b

ηada

))

·

(
δL
−1
1 (b)q

(
1−

(
log

1

η

)∫ ∞
b

ηada

)
V2(∞)

−
(

log
1

η

)(∫ b

0

(∫ L−1
1 (a)

0

δtfa(L1(t))dt+

∫ ∞
L−1
1 (a)

δtdt

)
ηada

+

∫ ∞
b

(∫ L−1
1 (b)

0

δtfa(L1(t))dt

)
ηada

))

+ δL
−1
1 (b)(1− q)

(
1−

(
log

1

η

)∫ ∞
b

ηada

)
·

(
δL
−1
1 (b)q

(
p+ (1− p)

(
log

1

η

)∫ ∞
b

ηada

)
V2(∞)

+ (1− p)
(

log
1

η

)(∫ b

0

(∫ L−1
1 (a)

0

δtfa(L1(t))dt+

∫ ∞
L−1
1 (a)

δtdt

)
ηada

25

Electronic copy available at: https://ssrn.com/abstract=3754499



+

∫ ∞
b

(∫ L−1
1 (b)

0

δtfa(L1(t))dt

)
ηada

))
,

is negative. Observe that this is a positive term multiplied by

δL
−1
1 (b)q

(
1−

(
log

1

η

)∫ ∞
b

ηada

)
V2(∞)

−
(

1− δL
−1
1 (b)(1− q)

)
·
(

log
1

η

)(∫ b

0

(∫ L−1
1 (a)

0

δtfa(L1(t))dt+

∫ ∞
L−1
1 (a)

δtdt

)
ηada

+

∫ ∞
b

(∫ L−1
1 (b)

0

δtfa(L1(t))dt

)
ηada

))

=−
(

log
1

η

)(∫ b

0

(∫ L−1
1 (a)

0

δtfa(L1(t))dt+

∫ L−1
1 (b)

L−1
1 (a)

δtdt

)
ηada

+

∫ ∞
b

(∫ L−1
1 (b)

0

δtfa(L1(t))dt

)
ηada

))

−
(

log
1

η

)∫ b

0

(∫ ∞
L−1
1 (b)

δtdt

)
ηada

+ δL
−1
1 (b)(1− q)

((
log

1

η

)∫ ∞
b

ηada

)
·
(

log
1

η

)(∫ b

0

(∫ L−1
1 (a)

0

δtfa(L1(t))dt+

∫ L−1
1 (b)

L−1
1 (a)

δtdt

)
ηada

+

∫ ∞
b

(∫ L−1
1 (b)

0

δtfa(L1(t))dt

)
ηada

))

+ δL
−1
1 (b)(1− q)

((
log

1

η

)∫ ∞
b

ηada

)(
log

1

η

)∫ b

0

(∫ ∞
L−1
1 (b)

δtdt

)
ηada

+ δL
−1
1 (b)(1− q)

(
1−

(
log

1

η

)∫ ∞
b

ηada

)
·
(

log
1

η

)(∫ b

0

(∫ L−1
1 (a)

0

δtfa(L1(t))dt+

∫ ∞
L−1
1 (a)

δtdt

)
ηada

+

∫ ∞
b

(∫ L−1
1 (b)

0

δtfa(L1(t))dt

)
ηada

))
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+ δL
−1
1 (b)q

(
1−

(
log

1

η

)∫ ∞
b

ηada

)
V2(∞).

The above expression is negative, since it is the sum of the negative term

−
(

1− δL
−1
1 (b)(1− q)

(
log

1

η

)∫ ∞
b

ηada

)
·
(

log
1

η

)(∫ b

0

(∫ L−1
1 (a)

0

δtfa(L1(t))dt+

∫ L−1
1 (b)

L−1
1 (a)

δtdt

)
ηada

+

∫ ∞
b

(∫ L−1
1 (b)

0

δtfa(L1(t))dt

)
ηada

))

and the negative term

−δL
−1
1 (b)

(
log

1

η

)∫ b

0

(∫ ∞
0

δtdt

)
ηada

+ δL
−1
1 (b)

(
1−

(
log

1

η

)∫ ∞
b

ηada

)
(1− q)

·
(

log
1

η

)(∫ b

0

(∫ L−1
1 (a)

0

δtfa(L1(t))dt+

∫ ∞
L−1
1 (a)

δtdt

)
ηada

+

∫ ∞
b

(∫ L−1
1 (b)

0

δtfa(L1(t))dt+

∫ ∞
L−1
1 (b)

δtdt

)
ηada

))

+ δL
−1
1 (b)

(
1−

(
log

1

η

)∫ ∞
b

ηada

)
qV2(∞);

the negativity of the latter term follows from the fact that∫ ∞
0

δtdt

is the maximum possible total payoff, and in particular is greater than

qV2(∞) + (1− q)
(

log
1

η

)(∫ b

0

(∫ L−1
1 (a)

0

δtfa(L1(t))dt+

∫ ∞
L−1
1 (a)

δtdt

)
ηada

+

∫ ∞
b

(∫ L−1
1 (b)

0

δtfa(L1(t))dt+

∫ ∞
L−1
1 (b)

δtdt

)
ηada

))
.
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This overall shows that V1(b), and thus, Vu(b), is strictly decreasing with respect to p.
Next, we show that Vu(b) is strictly increasing with respect to q. From (6), we obtain

∂

∂q
Vu(b) = V2(∞)− V1(b) + (1− q) ∂

∂q
V1(b).

Since V2(∞) > V1(b), it suffices to show that ∂
∂q
V1(b) > 0. We take the partial derivative of (7)

with respect to q, which yields

∂

∂q
V1(b) =

1(
1− δL−1

1 (b)(1− q)
(
p+ (1− p)

(
log 1

η

) ∫∞
b
ηada

))2
·

((
1− δL

−1
1 (b)(1− q)

(
p+ (1− p)

(
log

1

η

)∫ ∞
b

ηada

))
· δL

−1
1 (b)

(
p+ (1− p)

(
log

1

η

)∫ ∞
b

ηada

)
V2(∞)

− δL
−1
1 (b)

(
p+ (1− p)

(
log

1

η

)∫ ∞
b

ηada

)
·

(
δL
−1
1 (b)q

(
p+ (1− p)

(
log

1

η

)∫ ∞
b

ηada

)
V2(∞)

+ (1− p)
(

log
1

η

)(∫ b

0

(∫ L−1
1 (a)

0

δtfa(L1(t))dt+

∫ ∞
L−1
1 (a)

δtdt

)
ηada

+

∫ ∞
b

(∫ L−1
1 (b)

0

δtfa(L1(t))dt

)
ηada

))
.

As desired, this is a positive term multiplied by(
δL
−1
1 (b)

(
p+ (1− p)

(
log

1

η

)∫ ∞
b

ηada

)

−
(
δL
−1
1 (b)

(
p+ (1− p)

(
log

1

η

)∫ ∞
b

ηada

))2
)
V2(∞)

− δL
−1
1 (b)

(
p+ (1− p)

(
log

1

η

)∫ ∞
b

ηada

)
· (1− p)

(
log

1

η

)(∫ b

0

(∫ L−1
1 (a)

0

δtfa(L1(t))dt+

∫ ∞
L−1
1 (a)

δtdt

)
ηada
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+

∫ ∞
b

(∫ L−1
1 (b)

0

δtfa(L1(t))dt

)
ηada

))

=

(
δL
−1
1 (b)

(
p+ (1− p)

(
log

1

η

)∫ ∞
b

ηada

)

−
(
δL
−1
1 (b)

(
p+ (1− p)

(
log

1

η

)∫ ∞
b

ηada

))2
)
V2(∞)

− δL
−1
1 (b)

(
p+ (1− p)

(
log

1

η

)∫ ∞
b

ηada

)
·
(

1− δL
−1
1 (b)

(
p+ (1− p)

(
log

1

η

)∫ ∞
b

ηada

))
Vµp(b)

= δL
−1
1 (b)

(
p+ (1− p)

(
log

1

η

)∫ ∞
b

ηada

)
·
(

1− δL
−1
1 (b)

(
p+ (1− p)

(
log

1

η

)∫ ∞
b

ηada

))(
V2(∞)− Vµp(b)

)
> 0,

where we have used the formula (5) for Vµp(b) and the fact that it is less than V2(∞). We have
shown that V1(b), and thus, Vu(b), is strictly increasing with respect to q.

4.8 Proof of Proposition 8

Only part (b) requires proof. ChooseN large enough that the expected payoff deviation due
to the procurement of side opportunities in the discrete learning model (LSn , LS′n) is less than
ε/3 for all n ≥ N , which is possible due to Assumption D2. By possibly making N larger, the
expected payoff deviation due to time-measurement experiments in the discrete learning model
(LSn , LS′n) is less than ε/3 for all n ≥ N , where we have used the hypothesis of uniform o(1)

decay in Assumption D3 and the quitting constraint b ≥ β implied by Assumption D1*.
Furthermore, by possibly making N even larger, the difference between the expected total

payoff Vu,n of the discrete learning model (LSn , LS′n)—henceforward excluding deviations due
to side opportunities and time-measurement costs—and that of its approximating continuous
learning model (L1, L2), given by Vu, is less than ε/3 for all n ≥ N . To show this, we may as
well assume that the payoff of each learning period [T + tn,i−1, T + tn,i] of the discrete learning
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model (LSn , LS′n), given by

fa (min(bn,i−1, a))

∫ T+tn,i

T+tn,i−1

δtdt,

is obtained as a flow payoff of δtfa (min(bn,i−1, a)) dt. Using this equivalence, we can “connect
the dots” of Vu,n in the following sense. Define the unconditional quitting value function Ṽu,n(b)

of this flow-payoff game analogously to Vu(b) of the continuous learning model’s flow-payoff
game, by the expected total payoff of quitting tasks of the first type at time L−11 (b) unless
learning has completed by then. In other words,

Ṽu,n(b) = (1− q)V1,n(b) + qV2,n(∞),

where

V2,n(∞) =

∫ ∞
0

(∫ L−1
2 (a)

0

δtfa(LS′n(t))dt+

∫ ∞
L−1
2 (a)

δtdt

)
dµ2(a)

is the expected total payoff conditional on j = 2; and V1,n(b), the expected total payoff condi-
tional on j = 1, is defined by the solution to

V =

∫ b

0

(∫ L−1
1 (a)

0

δtfa(LSn(t))dt+

∫ ∞
L−1
1 (a)

δtdt

)
dµ1(a)

+

∫
a>b

(∫ L−1
1 (b)

0

δtfa(LSn(t))dt+ δL
−1
1 (b) ((1− q)V + qV2,n(∞))

)
dµ1(a),

which is

V1,n(b) =
1

1− (1− q)
∫
a>b

δL
−1
1 (b)dµ1(a)

·

(∫ b

0

(∫ L−1
1 (a)

0

δtfa(LSn(t))dt+

∫ ∞
L−1
1 (a)

δtdt

)
dµ1(a)

+

∫
a>b

(∫ L−1
1 (b)

0

δtfa(LSn(t))dt+ δL
−1
1 (b)qV2,n(∞)

)
dµ1(a)

))
.

The restriction of Ṽu,n : [β,∞)∪{∞} → R≥0 to the subdomain {bn,i : β ≤ bn,i} is precisely
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Vu,n (after excluding the error term due to side opportunities and time-measurement costs).
Also, {Ṽu,n}n>0 is a sequence of continuous functions on the compactified space [β,∞)∪{∞}
monotonically converging to Vu, which is also continuous. Thus, this convergence is uniform
by Dini’s theorem. In particular, we have

sup
bn,i≥β

|Vu(bn,i)− Vu,n(bn,i)| ≤ sup
b≥β

∣∣∣Vu(b)− Ṽu,n(b)
∣∣∣ < ε

3

for all sufficiently large n, as desired.
Our overall result then follows from the triangle inequality.
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Fig. S1. The continuous learning model (L1, L2) whose parameters are given by L1(t) =

t, L2(t) =

 t for t < 2

2t for t ≥ 2

 , fa(b) = b/a, δ = 0.9, η = 0.5, p = 0.01, q = 0.01, and

β = 2. When quitting is restricted to b ≥ β by Assumption C2, the unconditional quitting value
function Vu(b) (bottom) has a unique maximum at b∗ ≈ 5.32071. The true expected payoff
function gb∗(b) associated to this unique optimal quitting strategy b∗ (top) is non-monotonic.
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Fig. S2. Generic continuous learning functions L1(t) and L2(t) approximating generic dis-
crete learning functions LSn(t) and LS′n(t), whose knowledge jumps satisfy Assumption D1*.
Before the DM’s level of knowledge bn,i reaches β, the ith learning period of LSn(t) and the
corresponding learning period of LS′n(t) have equal length. Afterwards, the two branch off; the
former becomes larger in length than the latter. Since these corresponding learning periods’
knowledge jumps share the same b-value, the DM requires a time-measurement experiment to
identify the type j of her current task. This hypothesis is consistent with the finding of Sanchez
and Dunning23 that their experimental trials progressively decreased in length of time.
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Table S1. Discrete learning model (LSn , LS′n) as a strategic game against nature.

Information
space

The DM knows b, as well as whether b = bn,i < a or b = a. She may also
have come to possess the information j = 1 or j = 2, without which she
operates under the starting belief, j ∈ {1, 2}.

Action
space

Full payoffs are guaranteed from the main task if b = a. Otherwise, the
DM makes two choices before each learning period: first, whether to perform
a time-measurement experiment; and second, whether to devote part of the
learning period to a side opportunity—whose marginal payoff P , which is
observed, is drawn from a distribution with support equal to [0, 1]—in lieu of
part of the main task’s payoff. At the end of the learning period, she obtains
the payoff, the result of the time-measurement experiment if any, and the
opportunity to quit.

Payoff

We only write the payoff (possibly after having quit previous tasks) of the ith
learning period [T +ti−1, T +ti] when j = 1, since that of j = 2 is analogous:(

IRn,iP + (1− IRn,i) fa (min(bn,i−1, a))

)∫ T+tn,i

T+tn,i−1

δtdt,

where I is equal to 1 if the DM procures the side opportunity and to 0
otherwise. The cost −δT+tn,iCn,i is added if she has performed the time-
measurement experiment.

Assumption
C3

The payoff functions fa(·) satisfy fb+m(b) < fb′+m(b′) for all b < b′ and
m > 0. Colloquially, a fixed amount of knowledge m constitutes a larger
fraction of total knowledge of an easy task than of a difficult task, so ignorance
causes a harsher penalty in the former case.

Assumption
D1*

For all i such that bn,i−1 < β, we have ∆n,i = ∆′n,i. For all other i, we have
∆n,i > ∆′n,i. Colloquially, the speeds of innovation and imitation learning are
indistinguishable at first, but eventually branch off.

Assumption
D2

As n → ∞, the expected fraction Rn,i of the ith learning period’s time that
can be used for a side opportunity is uniformly o(1). Colloquially, side op-
portunities comprise nontrivial, but negligible opportunity costs.

Assumption
D3

For every n, the undiscounted expected cost of a time-measurement experi-
ment Cn,i during the ith learning period is uniformly o(1) as n → ∞. How-
ever, it is greater than the expected additional payoff the DM would obtain
from side opportunities by improving her confidence estimate from gu(b) to
g1(b) or g2(b), over the remainder of the learning game (accounting for time
discounting). Colloquially, the only reason to perform the time-measurement
experiment is to immediately quit tasks of innovation learning.
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Table S2. Continuous learning model (L1, L2), a limit of discrete learning models (LSn , LS′n),
as an optimal stopping game against nature.

Information
space

The DM knows b, as well as whether b < a or b = a.

Action
space

The DM’s sole action is quitting, which can be done at any level of knowledge
b ≥ β.

Payoff The DM obtains a flow payoff of δtfa(b)dt.
Assumption
C1

We have L1(t) ≤ L2(t) for all t ∈ R≥0. Follows from Assumption D1*.

Assumption
C2a

To identify j, the DM must commit to quitting the task immediately after-
wards if she finds out that j = 1; this follows from Assumptions D2 and D3.
She can only perform this identification when her level of knowledge b is≥ β;
this follows from Assumption D1*.

Assumption
C3

See Table S1.

Assumption
C4

The learning function L1(·) is continuously differentiable and satisfies

L′1(t)� η−L1(t)

as t→∞. Colloquially, the rate of learning is not too high.

Assumption
C5

The payoff functions fa(·) are continuously differentiable and satisfy∫
a>b

f ′a(b)η
ada� ηb

as b→∞. Colloquially, the first derivatives of the payoff functions are well-
behaved.

aOther than by providing the constraint b ≥ β on quitting, Assumption C2 does not factor into the currently
described game.
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	Fig. 2. Qualitative Dunning–Kruger graph depicting non-monotonic confidence. An unfortunate consequence of this non-monotonicity is that a person’s confidence may not predict her actual ability; a novice may be overconfident to the point of estimating...

